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Abstract
An orbifold is a Morita equivalence class of a proper e´tale Lie groupoid. A unitary equiva-
lence class of spectral triples over the algebra of smooth invariant functions are associated with
any compact spin orbifold. In the case of an effective spin orbifold we construct a collection
of spectral triples over the smooth convolution algebras of the representatives of the Morita
equivalence class.
MSC 58B34, 22A22, 57R18
Introduction
I.1. The theory of spectral triples has proven to be a successful model for extensions of the theory
of riemannian manifolds to the noncommutative geometric realm. A typical noncommutative
geometric space is constructed by means of an analytic deformation of a function algebra on a
manifold. Recently several examples of analytic deformations of singular spaces, such as orbifolds,
have appeared in the literature, see e.g. [3], [12], [4], [5]. Spectral geometry has been discussed
in the references, [11], [20]. The study of singular noncommutative deformations is somewhat out
of the scope of the spectral triple formulation of noncommutative geometry since the axioms of
the spectral triples are specific to smooth manifolds without singularities, [6], [7]. The goal of this
project is to develop Dirac spectral triples over function algebras of orbifolds in the differential
geometric context.
An orbifold (groupoid) is a Morita equivalence class of a proper e´tale Lie groupoid, [15], [16].
Roughly speaking, a Morita equivalence class consist of those Lie groupoids which share the same
orbit space, including its singularities, and therefore this geometric context is suitable for our
purposes. All the singularities of an orbifold are of the finite type: the isotropy groups on the
orbifold base are all finite. The orbit space can be given a structure of a classical orbifold, [19],
[17], [16], hence the name orbifold groupoid. However, the groupoid theory is more flexible than the
orbifold theory. In particular, one often finds a global action groupoid in a Morita equivalence class
of an orbifold. This is useful especially if the theory is applied for the noncommutative algebras
where the localization techniques are complicated. The algebraic model of the quantum weighted
projective spaces is constructed using this approach [4].
Associated with an orbifold there are two relevant complex function algebras: the algebra of
smooth invariant functions and the smooth convolution algebra. The invariant subalgebra can be
considered as a model describing properties of the quotient whereas the convolution algebra would
describe the equivariant properties. For example, the geodesic length between a pair of points in
the same orbit is equal to zero [9]. This is an invariant property and one should be able to recover
the metric properties from the invariant spectral triple, recall the geodesic length theorem [6]. The
well known shortcoming of this theory is that the universal differential calculus of an invariant
spectral triple is not sufficiently rich. Namely, if the groupoid action on its base is not free, then
the space of invariant differential forms cannot be reconstructed from the invariant spectral triple
[18]. The convolution algebras give rise to a proper differential calculus, homology and K-theory.
For example this is demonstrated in the study of equivariant Fredholm index problems in [8]. In
this work we develop spectral triples over both algebras under certain natural conditions.
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I.2. An orbifold is modelled as a Morita equivalence class of a groupoid and therefore one should
have a precise understanding of how Morita equivalences operate on spectral triples. We approach
this problem by fixing a proper e´tale groupoid X‚ as a representative of an orbifold. In addition,
we assume that X‚ is a spin groupoid since we are dealing with Dirac spectral triples. There is a
Dirac spectral triple over the algebra of invariant functions C8pXqΘ if X‚ is compact and there is
a Dirac spectral triple over the groupoid convolution algebra C8c pΞq if X‚ is effective. A detailed
description of these spectral triples is given in [10].
Now the primary problem is to associate morphisms of spectral triples with the geometric
Morita equivalences. If X‚ represents an orbifold and φ is a Morita equivalence between X‚ and Y‚
then, under the compactness and effectiveness hypothesis discussed above, there is the following
diagram:
pC8c pΘq,ð, L2pFΣqq pC8c pΞq, φ#ð, L2pφ#FΣqq
X‚
φÐÑ Y‚
pC8pXqΘ,ð, L2pFΣqΘq pC8pY qΞ, φ#ð, L2pφ#FΣqΞq
φ#
Uφ
The symbols FΣ and ð denote a spinor bundle on X‚ and a Θ-invariant Dirac operator. The
dashed lines indicates that there is a spectral triple associated with the groupoid. On the level
of invariant spectral triples φ determines a unitary equivalence of spectral triples Uφ. This is a
spectral geometric analogue of the property that the orbit space is Morita invariant. On the level
of convolution algebras we get an induced spectral triple over C8c pΞq. Whenever the dimension
of the groupoid base is an even integer the horizontal morphisms are compatible with the even
structure determined by the chirality operator. The construction is independent on the choice of
the spin proper e´tale groupoid X‚ that represents the orbifold: if φ is an e´tale structure preserving
Morita equivalence, then the spinor bundles and Dirac operators on Y‚ are, up to an equivalence,
the induced spinor bundles and Dirac operators through φ.
A major open problem in noncommutative geometry is to undestand the functoriality of spectral
triples. In the case of Morita equivalences, a particularly challenging issue is to properly axiomatize
the transformation of Dirac operators. An important property in the diagram is that the induced
Dirac operator φ#ð is Ξ-invariant and a Morita equivalence restricts to define a unitary equivalence
of Dirac operators on the Hilbert spaces of invariant spinors. So, the induced Dirac operator is
subject to very specific conditions which can be easily studied in the context of noncommutative
spectral triples as well. Any generalized homomorphism of Lie groupoids can be represented as a
composition of a Morita equivalence and a strict groupoid homomorphism and so this theory can
can be also adapted to the study of generalized homomorphisms of spectral triples.
I.3. Consider the case of a compact action groupoid G ˆ X Ñ X representing an orbifold. If
the action of the group G on X is free the orbit space X{G is a smooth manifold and there is a
Morita equivalence between the action groupoid and the unit groupoid over X{G. The convolution
algebra of the unit groupoid X{G is the algebra C8pX{Gq with the pointwise product. It thus
follows that on the level of convolution spectral triples the diagram of I.2 restricts to
pC8c pGˆXq,ð, L2pFΣqq φ#ÝÑ pC8pX{Gq, φ#ð, L2pφ#FΣqq
so that φ#ð and L2pφ#FΣq identify with the Dirac operator and the Hilbert space of spinors on
the manifold X{G. Now the spectral triple on the right hand side is unitarily equivalent to the
invariant spectral triple pC8pXqG,ð, L2pFΣqGq, which is a consequence of the lower horizontal
arrow in the diagram of I.2. This suggest that freeness of an action in noncommutative geometry
should be axiomatized as an existence of a Morita equivalence between the convolution algebra
spectral triple and the invariant spectral triple. So, ultimately, in order to understand freeness in
noncommutative geometry one needs to axiomatize the Morita equivalence of spectral triples over
orbifolds.
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I.4 Notation. We use the symbol X‚ to denote a Lie groupoid with a base manifold Xp0q and a
manifold of k-times composable arrows Xpkq for all k P N. We also write occasionally Xp1q “ Θ and
Xp0q “ X and then use the symbol Θ Ñ X to denote the groupoid. Θ and X are smooth manifolds
which are both Hausdorff and second countable. The target and source maps: t, s : Θ Ñ X are
smooth submersions. X‚ has a simplicial structure. 1x denotes the unit morphism at x P X on
the base. If U and V are subsets in X we define the following subspaces in Θ:
ΘU “ s´1pUq, ΘV “ t´1pV q and ΘVU “ s´1pUq X t´1pV q
If x P X and U “ V “ txu then Θxx is the isotropy group at x. The orbit space (coarse moduli
space) of X‚ is denoted by |Θ|. A groupoid is called compact if |Θ| is compact.
All groupoids are Lie groupoids in this work. The parameter n will denote the dimension of
the base manifold X everywhere below. We will frequently consider a case where X‚ is a groupoid
and Y‚ is another groupoid which is Morita equivalent to X‚ (to be defined below). Then we call
Y‚ a representative of X‚. In addition, without an exception, we use the symbol Θ to denote the
manifold of arrows in X‚ and Ξ to denote the manifold of arrows in Y‚.
This project is funded by the John Templeton Foundation and ”SFB 1085 Higher Invariants”.
1 Morita Equivalence of Groupoids
1.1. Let X‚ and Y‚ denote a pair of Lie groupoids. A generalized homomorphism between X‚ and
Y‚ is a triple p%,Q, αq so that Q is a smooth manifold, % and α are smooth maps in the diagram
Q
Θ X Y Ξ
% α
and, in addition:
1. % is an anchor for a left action of Θ on Q, α is an anchor for a right action of Ξ on
Q, and the actions are mutually commutative.
2. % is a surjective submersion and the action of Ξ on Q is free and transitive on the
fibres of %: if q, q1 P Q and %pqq “ %pq1q then there exists a unique τ P Ξ so that q ¨τ “ q1.
The condition 2 means that the right action of Ξ on Q makes Q a right Ξ-torsor over X. If
p%1, Q1, α1q and p%2, Q2, α2q are generalized homomorphisms X‚ Ø Y‚ and Y‚ Ø Z‚, then they
can be composed to a generalized homomorphism X‚ Ø Z‚ by setting“
Q1α1ˆ%2 Q2
‰{ „ with pq1, q2q „ pq1 ¨ σ, σ´1 ¨ q2q
(the symbol α1ˆ %2 denotes a fibre product). The anchor maps for the composition are %1 for the
left action and α2 for the right action. The composition is associative. The following is useful [13].
Proposition 1. Let Y‚ be a Lie groupoid and X a manifold. Then the following are equivalent:
1. Q is a right Ξ-torsor over X.
2. Q is a right Ξ-space where the Ξ-action is free and proper so that X » Q{Ξ.
A 2-morphism, or an equivalence, between two generalized homomorphism p%1, Q1, α1q and
p%2, Q2, α2q is a Θ ´ Ξ equivariant diffeomorphism T : Q1 Ñ Q2. Lie groupoids, generalized
homomorphisms and 2-morphisms define a 2-category.
A Morita equivalence is a generalized homomorphism φ “ p%,Q, αq so that both actions make
Q a groupoid torsor: in addition to the properties above, the anchor α is a surjective submersion
and the Θ-action on Q makes Q a left Θ-torsor over Y : if q, q1 P Q and αpqq “ αpq1q, then there
exists a unique σ P Θ so that σ ¨ q “ q1. In the case of a Morita equivalence, Q is called a X‚ ´ Y‚
bitorsor. Morita equivalences are not unique but two Morita bitorsors between the same groupoids
can be mapped to each other under 2-morphisms.
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1.2. A groupoid Θ is defined to be an e´tale groupoid if its source and target maps are both local
diffeomorphisms. It is a proper groupoid if ps, tq : Θ Ñ X ˆ X is a proper map. The property
of being a proper groupoid is invariant under the Morita equivalences, however, being e´tale is not
invariant. A groupoid which is Morita equivalent to a proper e´tale groupoid is called an orbifold
groupoid.
Proposition 2. Suppose that X‚ is an e´tale Lie groupoid and p%,Q, αq is a Morita equivalence
between X‚ and Y‚, then α : QÑ Y is a local diffeomorphism. If the bitorsor Q is compact, then
1. α : QÑ Y is a smooth covering projection.
2. % : QÑ X is a smooth fibre bundle projection.
Proof. Since X‚ is e´tale, the source map s : Θ Ñ X has discrete fibres. If y P Y , then the fibre
α´1pyq can be identified with Θx as a set if x P X is such that %pqq “ x for some q P α´1pyq.
It follows that the dimension of the fibres of α : Q Ñ Y are equal to the dimension of Y . Since
α : QÑ Y is a submersion, it is also an immersion. It follows that α is a local diffeomorphism. If
Q is also compact, then α and % are proper maps. Then 1 and 2 follow from Ehresmann’s theorem.
˝
By the symmetry of the Morita equivalence one observes that if X‚ and Y‚ are both proper
and e´tale, then the maps α and % are both local diffeomorphisms. However, if Y‚ is not e´tale, then
% does not need to be a local diffeomorphism. In particular, the dimension of a groupoid base is
not Morita invariant.
1.3. A vector bundle on a Lie groupoid X‚ is a smooth vector bundle on the groupoid base,
pi : ξ Ñ X with a typical fibre V subject to an action of the groupoid from the left:
Θsˆpi ξ Ñ ξ, pσ, uxq ÞÑ pρpσquqσ¨x
where ρ : Θ Ñ GLpV q satisfies
ρpτqρpσq “ ρpτσq, ρp1xq “ ι
for all pτ, σq P Xp2q and unit arrows 1x. The vector space V can be real or complex but we always
assume that it has a finite rank. Two vector bundles on X‚ are defined to be isomorphic if they
are isomorphic as geometric vector bundles on X and the vector bundle isomorphism θ : ξ1 Ñ ξ2
commutes with the actions of Θ on ξ1 and ξ2.
The Morita equivalences can be used to transport vector bundles between Lie groupoids. The
similar strategy was used in [13] for principal bundles. If ξ is a vector bundle onX‚ and φ “ p%,Q, αq
is a Morita equivalence X‚ Ø Y‚, then the induced bundle φ#ξ is the vector bundle on Y‚ defined
by
φ#ξ “
“
Q%ˆpi ξ
‰{Θ
where the Θ-action is given by
Θsˆ% φ#ξ Ñ φ#ξ, σ ¨ rq, us “ rσ ¨ q, ρpσqus.
The bundle projection sends rq, us to αpqq. The fibre of φ#ξ at y P Y is an equivalence class of
fibres of ξ parametrized by the points α´1pyq in Q, and if q P α´1pyq, then the fibre is presented
by the fibre of ξ at %pqq. The action of Ξ on φ#ξ is defined by
rq, us ¨ τ ÞÑ rq ¨ τ, us
for all τ such that tpτq “ αpqq.
Consider X‚ and Y‚ to be Morita equivalent and φ1 “ p%1, Q1, α1q and φ2 “ p%2, Q2, α2q a pair
of Morita equivalences with a Θ´ Ξ equivariant diffeomorphism T : Q1 Ñ Q2. Then the induced
bundles φ1#ξ and φ
2
#ξ are equivalent and there is a canonical vector bundle equivalence defined by
φ1#ξ Ñ φ2#ξ; rq, us ÞÑ rT pqq, us
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where q P Q and u P ξ%1pqq “ ξ%2pT pqqq.
1.4. Isomorphism classes of vector bundles on a proper e´tale groupoid X‚ can be described in terms
of cohomology theoretic data, [10]. We return to this in 1.5. In general, the groupoid cohomology
is a cohomology of a double complex where one direction is determined by the complex associated
to the simplicial structure and the other direction is determined by an injective resolution. We
shall only employ cohomology in degree one and for this reason we will introduce a localization
procedure which makes the injective resolution redundant when the degree one cohomology is
considered, [10].
Let X‚ be a Lie groupoid. Fix an open cover tNau for the groupoid base X. Associated to the
cover there is a Cˇech groupoid Xˇ‚ defined as follows: the arrows and the base of Xˇ‚ are given byž
ab
ΘNaNb Ñ
ž
a
Na
and the source and target maps are defined by restriction of the source an target maps on X‚. The
Cˇech groupoid Xˇ‚ is Morita equivalent to X‚.
Consider a Morita equivalence φ “ p%,Q, αq between X‚ and Y‚. In what follows we fix
open covers for the base manifolds X and Y and study how to localize the Morita equivalence φ
accordingly. This allows us to transport locally defined data from X‚ to Y‚. Since X and Y are
manifolds we can equip them with good covers tUau and tViu respectively. We do not write the
index sets explicitly, but in both cases the index set can be chosen to be countable since we are
working with manifolds. Then define the bitorsor
Qˇ “
ž
a,i
%´1pUaq X α´1pViq.
We let Xˇ‚ and Yˇ‚ be the Cˇech groupoidsž
ab
Θab Ñ
ž
a
Ua, and
ž
ij
Ξij Ñ
ž
i
Vi
where we have written Θab “ ΘUaUb and Ξij “ ΞViVj . Define the maps %ˇ : QˇÑ Xˇ and αˇ : QˇÑ Yˇ so
that %ˇ sends q P %´1pUaqXα´1pViq to x P Ua if %pqq “ x and similarly αˇ sends q P %´1pUaqXα´1pViq
to y P Vi if αpqq “ y.
Lemma 1. In the notation of the previous paragraph, a Morita equivalence φ restricts to a Morita
equivalence between the Cˇech groupoids Xˇ‚ Ø Yˇ‚ which is given by
φˇ “ p%ˇ, Qˇ, αˇq.
Proof. The maps %ˇ and αˇ are surjective because % and α are. They are submersions since locally,
in a small enough neighborhood, they coincide with % and α. The map %ˇ is the anchor for the
action of Θˇ and so the domain of the action is given by
r
ž
ab
Θabssˆ%ˇ r
ž
c,i
%´1pUcq X α´1pViqs “
ž
ab,i
pΘabqsˆ%ˇ %´1pUbq X α´1pViq.
We shall write qa,i to indicate that q P %´1pUaq X α´1pViq. If σ P Θab, then the left action is given
in its domain by
pσ, qb,iq ÞÑ pσ ¨ qqa,i.
This is well defined since the Θ-action is in the direction of the fibres of αˇ and therefore σ ¨ q P
α´1pViq. The groupoid Θˇ acts transitively and freely on the αˇ-fibres because Θ acts transitively
and freely on the α : QÑ Y fibres.
The right action of Ξˇ has the anchor αˇ and the domain of the action is given by
r
ž
a,i
%´1pUaq X α´1pViqsαˇˆt r
ž
jk
Ξjks “
ž
a,ij
%´1pUaq X α´1pViqαˇˆt Ξij .
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If τ P Ξij , then the right action is defined in its domain by
pqa,i, τq ÞÑ pq ¨ τqa,j .
The Ξˇ-action is transitive and free on the fibres because this is the case for the Ξ-action on Q.
The left and the right actions are commutative because the corresponding actions of Θ and Ξ on
Q are commutative. ˝
1.5. Let X‚ be a proper e´tale groupoid. We take GLk to be the group of nonsingular real or
complex k ˆ k matrices. Denote by GLk the sheaf of smooth GLk valued maps. GLk is not an
abelian group, however, the first degree sheaf cohomology groups valued in GLk are well defined
as usual, [2]. Let tUau be a good open cover of the base X and let Xˇ‚ denote the Cˇech groupoid.
Associated with the simplicial structure of the groupoid Xˇ‚ defined in I.4., there is the simplicial
sheaf cohomology group H1pXˇ‚,GLkq. The isomorphism classes of (real or complex) vector bundles
on X‚ correspond to the classes of H1pXˇ‚,GLkq. This correspondence was described explicitly in
[10]: each vector bundle on X‚ defines a structure cocycle which is represented in H1pXˇ‚,GLkq.
The structure cocycle g has the components
g :
ź
ab
ΘUaUb Ñ GLk.
The cocycle condition reads gpτqgpσq “ gpτσq for all pτ, σq P Xˇp2q. The ordinary geometric
structure of the reconstructed bundle is determined by the values of the cocycle on the unit arrows
1x: let Ua X Ub ‰ H, then gp1xq : ΘUaUb Ñ GLk defines the geometric transition functions which
are applied to glue all the local components UaˆE and UbˆE over UaXUb (E is Rk of Ck). The
nonidentity arrows define the groupoid action: if σ P ΘUaUb , then the action is given locally, in the
trivialization of Ub by
σ ¨ rxb, us “ rpσ ¨ xqa, gpσqus
where spσq “ xb. The right side is written in the trivialization on Ua. The unit arrows act now as
identities since the geometric reconstruction has identified the vectors related by such actions.
Suppose that X‚ and Y‚ are as in 1.4. In the following we need a section for the local diffeo-
morphism αˇ : Qˇ Ñ Yˇ of 1.4. Each cover sheet Vi can be chosen to be small enough so that α
has a section on Vi. Moreover, by shrinking Vi further if necessary, we can assume that the image
of the section lies in one of the cover sheets %´1pUaq X α´1pViq. Such a section β has the local
components over each i given by
βia : Vi Ñ %´1pUaq X α´1pViq (1)
where Ua is one of the cover sheets of X.
Proposition 3. Let Xˇ‚ and Yˇ‚ be the Cˇech groupoids and φˇ the Morita equivalence of Lemma 1.
Suppose that β is the section of αˇ with components (1). If g P H1pXˇ‚,GLkq, then
1. A representative of the induced cocycle φˇ#g in H
1pYˇ‚,GLkq is given by
pφˇ#gqijpyj Ñ y1iq “ gabp% ˝ βjb pyjq Ñ % ˝ βiapy1iqq
2. If g is a structure cocycle of the vector bundle ξ on X‚, then φˇ#g is a structure
cocycle of the vector bundle φ#ξ on Y‚.
Proof. Following the discussion in the appendix A.1, there is a groupoid Qˇp1q Ñ Qˇ such that the
Morita equivalence of Lemma 1 can be represented as a pair of weak equivalences
Xˇ‚ Ð Qˇ‚ Ñ Yˇ‚. (2)
Given a sheaf cohomology class g P H1pXˇ‚,GLkq, we can use the first weak equivalence in (2) to
pull the class to the sheaf cohomology of Qˇ‚. Then we can use the section Yˇ Ñ Qˇ to pull the class
to the cohomology of Yˇ‚. This class is a representative of the induced cocycle in the cohomology
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of Yˇ‚ and the cohomology class is independent on the choice of the section, [1]. The first pullback
gives a cocycle in H1pQˇ‚,GLkq with the components:
p%˚gqijabpγ : q Ñ q1q “ gabp%pqq Ñ %pq1qq.
where γ is an arrow %´1pUbq X α´1pVjq Ñ %´1pUaq X α´1pViq. The pullback of this class through
the section β gives the cocycle φˇ#g.
For 2, we have the locally defined section βjb defined over each component of tViu and we use
these to fix a representative for each fibre of φ#ξ over the components Vi. So, the fibre at yj P Vj is
represented by the fibre of ξ at %˝βjb pyjq over Ub. Let Ξij Q τ : yj Ñ y1i. The action by τ sends the
vectors in the fibre at y to vectors in the fibre at y1. Suppose that βjb and βia are the components
of β over Vj and Vi. Then the Ξ action reads
τ ¨ vpyjq “ gabp% ˝ βjb pyjq Ñ % ˝ βiapy1iqqvpy1iq,
These are exactly the components of the pullback cocycle. ˝
In particular, given isomorphic bundles ξ1 and ξ2 on the groupoid X‚, then the induced bundles
φ#ξ1 and φ#ξ2 are isomorphic since bundle reconstruction depends only on the cohomology class
of the transition data.
1.6. Let X‚ and Y‚ be as in 1.5 and let φ1 “ p%1, Q1, α1q and φ2 “ p%2, Q2, α2q be a pair of
Morita equivalences X‚ Ø Y‚. It follows from the definition of the 2-morphisms that there are the
equalities of sets:
%1 ˝ α´11 pyq “ %2 ˝ α´12 pyq and α1 ˝ %´11 pxq “ α2 ˝ %´12 pxq
for all y P Y and for all x P X. The Cˇech groupoids Xˇ‚ and Yˇ‚ are constructed as in 1.4. Denote
by Qˇ1 and Qˇ2 the Cˇech bitorsors associated to the Morita equivalences φ
1 and φ2.
Consider a vector bundle ξ on X‚. Associated to the Morita equivalences, φ1 and φ2, there are
the vector bundles φ1#ξ and φ
2
#ξ on Y‚. Let βia : Yˇ Ñ Qˇ1 be components of a section of αˇ1. Then
T ˝ βia : Yˇ Ñ Qˇ2 is a section of αˇ2 since α2 “ α1 ˝ T´1. It then follows that the structure cocycle
of φ2#ξ has a representative given by
pφˇ#2 gqijpyj Ñ y1iq “ gabp%2 ˝ T ˝ βjb pyjq Ñ %2 ˝ T ˝ βiapy1iqq
“ gabp%1 ˝ βjb pyjq Ñ %1 ˝ βiapy1iqq.
So, the transition data associated to these two choices of Morita equivalence are identical.
2 Invariant Sections
2.1. For now we denote by C8pXq the algebra of smooth functions on X getting values either in
R or C. If X‚ is a Lie groupoid then the algebra of invariant functions C8pXqΘ is the subalgebra
of C8pXq of functions such that fpxq “ fpσ ¨ xq holds for all x and σ P Θx. Alternatively, the
invariance of a function can be stated by s˚pfq “ t˚pfq.
Let φ “ p%,Q, αq be a Morita equivalence X‚ Ø Y‚. There is an isomorphism of (real or
complex) vector spaces
φ# : C
8pXqΘ Ñ C8pY qΞ.
φ#pfq : y ÞÑ fp%pqqq
where q P Q is any element in α´1pyq. Recall that Θ acts transitively in the direction of the fibres
of α: this implies that if q1 is another point so that α´1pyq “ q1 P Q, then q1 “ σ ¨ q for some σ and
fp%pσ ¨ qqq “ fpσ ¨ %pqqq “ fp%pqqq
by the Θ-invariance. So, the choice of q is arbitrary. The Ξ-invariance follows by construction:
Ξ acts in the direction of the the fibres of % but the isomorphism composes through %. The
7
isomorphism φ# will be studied with more details in a more general context below. We denote by
φ´1# the inverse of φ# which is defined by
φ´1# : C
8pY qΞ Ñ C8pXqΘ.
φ´1# pgq : x ÞÑ gpαpqqq
where q is any point in %´1pxq.
Note 1. A general principle in the study of invariant structures on groupoids (such as invariant
functions, vector bundle sections and operators) is that a Morita equivalence X‚ Ø Y‚ induces an
equivalence φ# from a Θ-invariant structure on X‚ to the corresponding Ξ-invariant structure on
Y‚ so that the Θ-invariance implies that φ# is well defined. Then the Ξ-invariance of the induced
structures over the target groupoid Y‚ will follow by construction since we always factor through
the anchor map %.
2.2. Let X‚ be a groupoid and ψ P Γpξq a smooth section of a vector bundle ξ on X‚. Then ψ is
defined to be Θ-invariant if
ψpxq “ ρ´1pσqψpσ ¨ xq
for all σ P Θ and x “ spσq. Denote by ΓpξqΘ the vector space of Θ-invariant sections.
Next we consider a pair of Morita equivalent groupoids, X‚ and Y‚, and fix a Morita equivalence
φ “ p%,Q, αq. The fibres of the bundle φ#ξ are equivalence classes of vector spaces and so we use
the symbol ψqpyq to denote that the section ψ in φ#ξ gets its value at y in the vector space at
q P α´1pyq: this vector space is the fibre of ξ at %pqq. Then, by definition
ρ´1pσqψσ¨qpyq “ ψqpyq
for all σ P Θ%pqq, where ρ determines the Θ-action on ξ.
Proposition 4. Let ξ be a vector bundle on X‚. The linear map φ# which sends a section ψ of
ξ to the section of φ#ξ given by
φ#ψ : y ÞÑ rq, ψp%pqqqs :“ rψqp%pqqqs, q P Q is so that αpqq “ y
is an equivalence of vector spaces:
φ# : ΓpξqΘ »ÝÑ Γpφ#ξqΞ.
In addition, if f P C8pXqΘ, then φ#fψ “ φ#pfqφ#ψ.
Proof. Let us check that φ#ψ is well defined element in Γpφ#ξqΞ. Let q, σ ¨ q P α´1pyq. Then
ρ´1pσqpφ#ψqσ¨qpyq “ ρ´1pσqψp%pσ ¨ qqq
“ ρ´1pσqψpσ ¨ %pqqq
“ ψp%pqqq
“ pφ#ψqqpyq.
In the third equality we used the Θ-invariance of ψ. The Ξ-invariance of φ#ψ, i.e.
φ#pψqpyq “ φ#pψqpτ ¨ yq, for all τ P Ξy,
holds since % is constant along the Ξ-orbits in Q. Let y P Y , V be a neighborhood of y and
β : V Ñ Q be a smooth section of α. The local section exists because α is a local diffeomorphism.
Then we can write locally
pφ#ψqβpyqpyq “ ψp% ˝ βpyqq.
In particular, φ#ψ is smooth at y P Y . Since y is arbitrary, φ#ψ is smooth on Y .
8
Let ζ P Γpφ#ξqΞ. Under the Θ-action there are the relations
ρ´1pσqζσ¨qpyq “ ζqpyq.
We define a section in ξ by
Aφζ : x ÞÑ ζqpαpqqq
where q P Q is any point so that %pqq “ x. The definition is independent on the choice of such q:
any point in the same %-fibre can be written by q1 “ q ¨ τ for some τ P Ξ and the Ξ-invariance of ζ
implies that ζq¨τ pαpq ¨ τqq “ ζqpαpqqq. If σ P Θx, then
ρ´1pσqAφζpσ ¨ xq “ ρ´1pσqζσ¨qpαpσ ¨ qqq
“ ζqpαpσ ¨ qqq
“ ζqpαpqqq
“ Aφζpxq
where q P Q is such that %pqq “ x. Since % is a submersion it accepts local sections. If x P X, U is
a local neighborhood of x and δ : U Ñ Q is a smooth section of %, then
Aφζpxq “ ζδpxqpα ˝ δpxqq
which is smooth at x. Therefore Aφ defines a map Γpφ#ξqΞ Ñ ΓpξqΘ. It is an easy matter to check
that the linear maps φ# and Aφ are inverses of each other and that the isomorphism φ# respects
the module structure under the action of the smooth invariant functions. ˝
We shall write φ´1# “ Aφ in what follows.
Consider a pair of Morita equivalences φi “ p%i, Qi, αiq for i “ 1, 2 and a Θ ´ Ξ equivariant
diffeomorphism T : Q1 Ñ Q2. If ψ P ΓpξqΘ, then we get two invariant sections, φ1#ψ and φ2#ψ in
the bundles φ1#ξ and φ
2
#ξ. However, these sections are essentially identical: at y P Y we have the
fibres α´11 pyq and α´12 pyq and the fibres of φ1#ξ and φ2#ξ are equivalence classes of fibres of ξ in
%1 ˝α´11 pyq and %2 ˝α´12 . However, these are the same subset of X. So, for all q2 P α´12 pyq we have
q1 P α´11 pyq such that T pq1q “ q2. Now
ψp%1pq1qq “ ψp%2pT pq1qq “ ψp%2pq2qq.
It then follows from the equivariance of T that
pφ1#ψqσ¨q1pyq “ pφ2#ψqT pσ¨q1qpyq
which implies that at y P Y , the two induced sections are merely two description of the same
section. This holds for all y P Y .
2.3. For each arrow σ P Θx there is an open neighborhood U of x and a local section of s,
σˆ : U Ñ Θ, such that σˆpxq “ σ and t ˝ σˆ is an open embedding. These sections are called local
bisections and they always exist on Lie groupoids, [16]. In the case of an e´tale Lie groupoid, any
two such sections agree on their common domain. The assignment
σ ÞÑ ϕσ “ t ˝ σˆ : U Ñ ϕσpUq.
defines a local diffeomorphisms. Denote by ∆pΘq the set of germs of these diffeomorphisms. An
e´tale groupoid is defined to be effective if the assignment sending arrows to the elements in ∆pΘq
is injective.
Let X‚ be a proper e´tale groupoid. If σ P Θ, then we get a unique element ϕσ P ∆pΘq.
Therefore there is a canonical choice of a differential pdϕσq for each σ which are invertible matrices.
This amounts to define a tangent bundle τX‚ on X‚. This bundle is an ordinary tangent bundle
pi : τX Ñ X which is equipped with an action of the groupoid given by
pσ, vxq ÞÑ pdϕσqxvσ¨x,
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which is defined in Θsˆpi τX. Similarly, the exterior bundles ^kτX‚˚ are the geometric exterior
bundles on X together with the the groupoid action
σ ¨ wpx, v1, . . . , vkq “ wpσ ¨ x, pdϕσqxv1, . . . , pdϕσqxvkq
if vi P τX. We denote by XpX‚qΘ the space of vector fields which are invariant under the right
actions of all arrows:
V pxq “ pdϕσq´1V pσ ¨ xq
for all σ P Θ and x “ spσq. Similarly, ΛkpX‚qΘ is the space of k-forms invariant under the action
of all arrows.
Suppose that Y‚ is a representative of a proper e´tale groupoid X‚ and φ “ p%,Q, αq is a Morita
equivalence. The induced differential forms on Y‚ are defined in terms of coordinate system of X.
We can apply a localization strategy, similar to 1.4, to write the forms in the coordinates of Y :
this is parallel to the standard procedure in differential geometry to write the pullback forms in
the coordinate system of the target manifold. Choose the covers tUau for X and tViu for Y which
are fine enough so that % and α have local sections over the cover sheets. Choose the local sections
βi : Vi Ñ Q of α. Locally, on Vi, we can write the induced forms in the coordinates of Vi:
φ#Ω|Vi “ p% ˝ βiq˚Ω. (3)
for all Ω P ΛpX‚qΘ. Here we are exploiting the notation: now we have applied the local sections
βi to choose a representative in the equivalence class of vector spaces in each fibre of φ#ξ. For
the verification that this provides a well defined global form we shall need the following technical
result.
Lemma 2. Let X‚ be a proper e´tale Lie groupoid and Y‚ a representative of its Morita equivalence
class. Fix a Morita equivalence φ “ p%,Q, αq.
1. For all ϕσ P ∆pΘq and q P %´1pspσqq there is a lift of ϕσ: a local diffeomorphism in
Q satisfying
% ˝ ϕˆσ “ ϕσ ˝ %
in an open neighborhood of q which arises from the action of Θ on Q. The germ of the
lift is unique.
2. For all ϕτ P ∆pΞq and r P α´1pspτqq there is a lift of ϕτ : a local diffeomorphism in
Q satisfying
α ˝ pϕˆτ q´1 “ ϕτ ˝ α
in an open neighborhood of r which arises from the action of Ξ on Q. The germ of the
lift is unique.
Proof. Let ϕσ P ∆pΘq. We fix an open neighborhood O for q P Q which is small enough so that
%pOq lies in the domain of ϕσ. Then define a local diffeomorphism on O so that if q1 P O, then
ϕˆσpq1q “ σˆp%pq1qq ¨ q1,
where σˆ is the unique local bisection of σ. This is a local diffeomorphism and it is determined
by the action of Θ on Q and the germ of the lift is unique among the diffeomorphism that are
determined by the Θ action because the bisection is unique.
Let ϕτ P ∆pΞq. Now ϕτ “ t ˝ τˆ for the local bisection τˆ . Then we can define the lifting as
in the case 1 by applying the right action of Ξ on Q. Now the uniqueness follows because α and
ϕτ are local diffeomorphism, and so a solution of the lifting problem has necessary a unique germ.
˝
Proposition 5. Let X‚ be a proper e´tale groupoid and Y‚ a representative of X‚. In the coordinate
system of Y‚, φ# is the linear map ΛpX‚qΘ Ñ ΛpY‚qΞ given by
φ#pf0df1 ^ ¨ ¨ ¨ ^ dfkq “ φ#pf0qdφ#pf1q ^ ¨ ¨ ¨ ^ dφ#pfkq.
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The Ξ-invariance of the forms on Y‚ means the invariance with respect to all local diffeomorphisms
∆pΞq.
Proof. Using the realization (3) and the rules in calculus of differential forms we get a local equality
p% ˝ βiq˚pf0df1 ^ ¨ ¨ ¨ ^ dfkq “ f0p% ˝ βiqdf1p% ˝ βiq ^ ¨ ¨ ¨ ^ dfkp% ˝ βiq
which proves that φ# is given in the coordinates of Y is as claimed.
Next we show that the forms written in the coordinates of Y are well defined global forms.
Consider an intersection Vi X Vj ‰ H and the local sections βi : Vi Ñ Q and βj : Vj Ñ Q. The
sections βi and βj do not need to agree on the intersection Vi X Vj . However, since Θ is transitive
in the fibres of α, the values of these sections need to be related by the action of Θ at each point
in Vi X Vj . It follows from the uniqueness of the lifts that there is ϕˆσ so that βi “ ϕˆσ ˝ βj holds in
a neighborhood of y P Vi X Vj . It then follows that
p% ˝ βiq˚Ω|y “ p% ˝ ϕˆσ ˝ βjq˚Ω|y
“ pϕσ ˝ % ˝ βjq˚Ω|y
“ p% ˝ βjq˚ϕσ˚Ω|y
“ p% ˝ βjq˚Ω|y
the last equality follows from the Θ-invariance of the form. So the form is well defined.
Let ϕτ be an element of ∆pΞq and τ : y Ñ τ ¨ y be an arrow so that y P Vj and τ ¨ y P Vi. Let
ϕˆτ be a lift of ϕτ which sends the point q “ βipτ ¨ yq P Q to q ¨ τ . If βj is a locally defined on Vj ,
it might happen that βi ˝ ϕτ pyq ‰ pϕˆτ q´1 ˝ βjpyq but these points need to be in the same α fibre
and so there is an arrow σ so that its action on Q sends βi ˝ϕτ pyq to pϕˆτ q´1 ˝ βjpyq. Then we use
the lift ϕˆσ to define
pβ1qi “ ϕˆσ ˝ βi
locally. This defines is a section of α in a small enough neighborhood of τ ¨ y since the local
diffeomorphism ϕˆσ operates using the Θ-action, i.e., in the direction of the fibres. By the first part
of the proof, we can use any local section to pullback Θ-invariant forms. So we will use pβ1qi in a
neighborhood of τ ¨ y which gives
pβ1qi ˝ ϕτ “ pϕˆτ q´1 ˝ βj .
in a neighborhood of y P Y . Then a straightforward computation gives
ϕτ˚ ˝ p% ˝ pβ1qiq˚ “ p% ˝ pβ1qi ˝ ϕτ q˚
“ p% ˝ pϕˆτ q´1 ˝ βjq˚
“ p% ˝ βjq˚
The last equality holds because the local diffeomorphism pϕˆτ q´1 applies arrows in Ξ and so operates
in the direction of %-fibres. Consequently, the pullback forms are invariant under pullbacks by local
diffeomoprhisms which are determined by any choice of a local bisection. ˝
Corollary 1. The linear map φ# : ΛpX‚qΘ Ñ φ#ΛpX‚qΘ is an isomorphism.
Proof. Consider the image of φ# in ΛpY‚qΞ. Recall that we have fixed an open cover tUau for X.
The inverse φ´1# : φ#ΛpX‚qΘ Ñ ΛpX‚qΘ can be defined by choosing a local section δa : Ua Ñ Q
for % over each Ua and then defining the local forms
φ´1# Φ|Ua “ pα ˝ δaq˚Φ.
Let us check that this is a left inverse of φ#. Suppose that y P Vi Ă Y and % ˝βipyq “ x P Ua Ă X.
Then
φ´1# ˝ φ#pΩq|x “ pα ˝ δaq˚p% ˝ βiq˚Ω|x “ p% ˝ βi ˝ α ˝ δaq˚Ω|x.
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Now we can write locally βi ˝ α “ ϕˆσ for some lift. Then
φ´1# ˝ φ#pΩq|x “ p% ˝ ϕˆσ ˝ δaq˚Ω|x
“ pϕσ ˝ % ˝ δaq˚Ω|x
“ ϕσ˚pΩq|x “ Ωx.
This holds for all x P X. The proof that φ´1# is the right inverse of φ# is similar. ˝
Consider the case of differential forms valued in some bundle ξ on X‚. Then we have the space
of invariant sections Λ˚pX‚, ξqΘ. If φ is a Morita equivalence, then we can use Proposition 5 to
identify the space φ#Λ
˚pX‚, ξqΘ as a subspace in Λ˚pY‚, φ#ξqΞ so that the Ξ action in the latter
is given by
ϕτ˚Φpy, v1, . . . , vkq “ Φpϕτ pyq, pdϕτ qv1, . . . , pdϕτ qvkq
where ϕτ is a local diffeomoprhism associated to τ . From now on we always use this identification
when induced forms differential forms are considered.
3 Invariant Connections
3.1. Let X‚ be a proper e´tale groupoid, ξ a vector bundle on X‚ and Y‚ a representative of the
Morita equivalence class of X‚. A connection in the vector bundle ξ is an ordinary geometric
connection ∇ : Γpξq Ñ Λ1pX, ξq which is invariant under the locally defined pullback actions by
the element of ∆pΘq:
ϕσ˚∇pϕσ˚q´1 “ ∇,
holds locally, for all σ P Θ. A groupoid connection restricts to a linear map
∇ : ΓpξqΘ Ñ Λ1pX‚, ξqΘ.
Fix a Morita equivalence φ “ p%,Q, αq between X‚ and Y‚. The bundle φ#ξ can be equipped with
the induced connection
φ#∇ “ φ# ˝∇ ˝ φ´1# .
Notice that since ∇ is a map ΓpξqΘ Ñ Λ1pX‚, ξqΘ, then φ´1# on the right side of ∇ is a map
Γpφ#ξqΞ Ñ ΓpξqΘ and φ# on the left side of ∇ is a map Λ1pX‚, ξqΘ Ñ Λ1pY‚, φ#ξqΞ.
Proposition 6. The induced connection φ#∇ : ΓpξqΘ Ñ Λ1pY‚, φ#ξqΞ restricts to a groupoid
connection on the invariant sections and satisfies
φ#∇V pφ#ψq “ φ#p∇φ´1# V pψqq. (4)
for all invariant vector fields V P XpY qΞ and sections ψ P ΓpξqΘ.
Proof. Clearly φ#∇ is linear. The Leibnitz rule holds: for all f P C8pY qΞ and ψ P Γpφ#ξqΞ
pφ#∇qpfψq “ φ# ˝∇ppφ´1# fqpφ´1# ψqq
“ φ#ppdφ´1# fq b pφ#ψq ` pφ´1# fq∇pφ´1# ψqq
“ df b ψ ` fpφ#∇qψ.
The last equality follows from Proposition 5. The Ξ-invariance holds by construction. Thus, φ#∇
restricts to a groupoid connection on the invariant sections.
Let V P XpY qΞ. Recall from 2.3 that we have a local coordinate expression for the induced
forms. Let us fix local sections βi on Vi as in 2.3. The fields V and φ
´1
# V are % ˝ βi related over
Vi. It follows that
iV ˝ φ# “ φ# ˝ iφ´1# V
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and consequently,
iV φ#∇ “ iV pφ# ˝∇ ˝ φ´1# q
“ φ# ˝ iφ´1# V ˝∇ ˝ φ
´1
#
“ pφ#∇qφ´1# V . ˝
3.2. Suppose that X‚, Y‚, φ and ξ are as in 3.1 and that ξ is equipped with an Θ-invariant inner
product p¨, ¨q. Recall that the fibre of φ#ξ at y P Y is an equivalence class of vector spaces ξx for
those x P X such that there is q P Q for which αpqq “ y and %pqq “ x. The induced bundle φ#ξ
can be equipped with the inner product given at y P Y by
prv1s, rv2sq#,y “ pvx1 , vx2 qx
where x P X is any point which is related to y as in the discussion above, and vxi is the vector in
the equivalence class rvis evaluated in the fibre at x. The choice of such x is arbitrary since the
inner product p¨, ¨q is Θ-invariant and the equivalence class of the fibres of φ#ξ is parametrized
by the orbits under the Θ-action. The Ξ-invariance of the induced inner product holds since the
Ξ-action is in the direction of %-fibres in Q.
The inner product p¨, ¨q# in φ#ξ can be applied to define a linear pairing of the invariant
sections Γpφ#ξqΞ b Γpφ#ξqΞ Ñ C8pY qΞ which satisfies
pφ#ψ1, φ#ψ2q#,y “ pψ1, ψ2qx “ φ#pψ1, ψ2qy.
where x is related to y as in the discussion above. The last equality holds since pψ1, ψ2q is a
Θ-invariant function on X. So we conclude that
pφ#ψ1, φ#ψ2q# “ φ#pψ1, ψ2q,
whenever φ#ψ1, φ#ψ2 P Γpφ#ξqΞ. Since φ# is an invertible map, it induces a one to one corre-
spondence between linear pairings in ΓpξqΘ and Γpφ#ξqΞ.
4 Spinors and Dirac Operators
We first follow [10] and recall the construction of spinor bundles and invariant Dirac operators on a
proper e´tale groupoid. Then in 4.2 the construction is extended to the Morita equivalence classes.
4.1. Let X‚ be a proper e´tale groupoid and let n denote its dimension. The tangent bundle τX‚
can be equipped with a Θ-invariant riemannian structure so that the groupoid acts on the tangent
spaces orthogonally. Let us choose a good cover for the base X and define the associated Cˇech
groupoid Xˇ‚, recall 1.4. Fix a structure cocycle g for the tangent bundle τX‚ which defines a class
in H1pXˇ‚,Onq. The groupoid is defined to be orientable if the structure group can be reduced to
SOn, i.e. g defines an element in H
1pXˇ‚, SOnq.
Suppose that X‚ is orientable. For each x P X there is a Clifford algebra associated with the n-
dimensional tangent space and to the inner product determined by the riemannian structure. The
group Spinpnq lies in the Clifford algebras and the SOn-valued transition cocycle g of τX‚ can be
lifted to a Spinn-valued cochain gˆ. Now Adpgˆq is a cocycle in H1pXˇ‚, SOpclnqq since the center of the
Spin group vanishes under the adjoint action. Denote by CLpX‚q the bundle of complexified Clifford
algebras reconstructed from this cocycle, recall 1.5. The groupoid X‚ is defined to be spin if the
second Stiefel-Whitney class associated with the lifted cochain gˆ vanishes: this is the obstruction
class for the lifting of the structure cocycle. If X‚ is spin, then one can reconstruct a bundle of
spinors from the cocycle gˆ: the fibres are spinor modules pρs,Σq, i.e. irreducible representations
for the Clifford algebras with an action ρs of Spinn on Σ determined by the embedding of Spinn
to the Clifford algebra. Spin structures are classified by the cohomology group H1pXˇ‚,Z2q. If h
is a cocycle in H1pXˇ‚,Z2q, then the spinor bundles associated with the different spin structures
are reconstructed from the cocycle gˆh in H1pXˇ‚, Spinnq obtained by a pointwise product of locally
defined maps getting values in Spinn (the elements of Z2 are embedded to Spinn).
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The space of smooth sections of this bundle carries an algebraic structure which is given point-
wise by the Clifford product. The product restricts to the space of invariant sections. Suppose
that a spin structure is fixed and let FΣ denote a spinor bundle. The algebra of sections of the
Clifford bundle acts on the sections of the spinor bundle. Since the groupoid action on the Clifford
sections is by adjugation, the action of the Clifford sections on spinors can be restricted to define
the action
ΓpCLpX‚qqΘ ˆ ΓpFΣqΘ Ñ ΓpFΣqΘ.
Consider invariant connections ∇CL in CLpX‚q and ∇ in FΣ. The connection ∇ is called Clifford
compatible if it is compatible with the module structure:
∇pη ¨ ψq “ p∇CLηq ¨ ψ ` η ¨∇ψ,
for all η P ΓpCLpX‚qq and ψ P ΓpFΣq. A complex Dirac bundle is a complex spinor bundle
which is equipped with a unitary, Clifford compatible and Θ-invariant groupoid connection and
an inner product so that the unit vector fields γpuq P ΓpCLpX‚qq act on the spinors as unitary
transformations. We have the following result from [10].
Proposition 7. A complex Dirac bundle exists on a spin proper e´tale Lie groupoid.
Suppose that X‚ is a spin proper e´tale Lie groupoid. Choose n linearly independent vector
fields ei and let ei˚ be the dual vector fields with respect to a fixed riemannian structure. The
Dirac operator on a complex Dirac bundle is defined by
ð “
nÿ
i“1
γpei˚ q∇ei .
This operator is Θ-invariant. In particular, it can be restricted to the operator
ð : ΓpFΣqΘ Ñ ΓpFΣqΘ.
Moreover, if ψ,ψ1 P ΓpFΣqΘ, then
pðψ,ψ1q ´ pψ,ðψ1q “ divpV q (5)
where V is a vector field such that pV,W q “ ´pψ, γpW qψ1q for all W P XpXq. The divergence
divpV q is a Θ-invariant function. The goal is to define an essentially self-adjoint operator and there-
fore we need an inner product in the space of invariant sections of FΣ which kills the divergences
of vector fields. We shall return to this Section 5.
4.2. Let X‚ be a spin proper e´tale groupoid. Fix a complex Dirac bundle FΣ and a Dirac operator
ð on X‚. Let Y‚ be a representative of X‚ and fix a Morita equivalence φ. Then we have the
induced bundles φ#CLpX‚q and φ#FΣ on Y‚. Let us write
φ#pγpeqq “ γ#peq
if γpeq is a section of CLpX‚q to simplify notation. Let γ#pe1q, γ#pe2q P Γpφ#CLpX‚qqΞ. At y P Y
the sections γ#pe1q and γ#pe2q get values in an equivalence class of fibres of CLpX‚q, as defined
in 2.2. The bundle CLpX‚q carries a pointwise Clifford product structure and when applied with
the induced bundle, it gives the following pointwise multiplication in Γpφ#CLpX‚qqΞ:
γ#pe1q ¨ γ#pe2q “ φ#pγpe1q ¨ γpe2qq
for all elements in Γpφ#CLpX‚qqΞ. It follows that the sections are subject to the anticommutation
rules
tγ#pe1q, γ#pe2qu “ pγ#pe1q, γ#pe2qq#.
Similarly, the pointwise Clifford module structure in FΣ induces a module structure in Γpφ#FΣqΞ
under the action of Γpφ#CLpX‚qqΞ on Y . The action is given by
γ#peq ¨ φ#ψ “ φ#pγpeq ¨ ψq. (6)
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In particular, as operators on the invariant spinor sections, the invariant Clifford sections satisfy
φ#pγpe1q ¨ ¨ ¨ γpekqq “ γ#pe1q ¨ ¨ ¨ γ#pekq “ φ# ˝ γpe1q ¨ ¨ ¨ γpekq ˝ φ´1#
for all γpe1q ¨ ¨ ¨ γpekq P ΓpCLpX‚qqΘ. Suppose that u is a unit vector field on X. Then the following
holds for the induced inner product
pγ#puq ¨ φ#ψ1, γ#puq ¨ φ#ψ2q# “ pφ#ψ1, φ#ψ2q#
for all φ#ψ1, φ#ψ2 P Γpφ#CLqΞ.
If ∇CL is a Clifford connection in CLpX‚q and ∇ is a Clifford compatible connection in FΣ, then
the induced connection φ#∇ satisfies the Clifford compatibility with the induced Clifford fields
φ#∇pφ#pηq ¨ φ#pψqq “ φ#∇CLpηq ¨ φ#pψq ` φ#pηq ¨ φ#∇pψq.
for all φ#pηq P Γpφ#CLpX‚qqΞ and φ#pψq P Γpφ#FΣqΞ.
Let us choose n linearly independent vector fields, ei, on the riemannian manifold X. Denote
by ei˚ the dual vector fields. The induced Dirac operator on Y‚ is defined by:
φ#ð “
nÿ
i“1
γ#pei˚ qpφ#∇qφ#ei .
In general, ei and ei˚ cannot all be invariant vector fields and so the induced fields φ#ei and γ#pei˚ q
are not well defined independently. However, the tensor field
ř
i ei˚ b ei is an invariant section of
a tensor bundle, and therefore the formula is well defined.
Proposition 8. The induced Dirac operator φ#ð is an unbounded operator
φ#ð : Γpφ#FΣqΞ Ñ Γpφ#FΣqΞ
and satisfies
ppφ#ðqφ#ψ, φ#ψ1q ´ pφ#ψ, pφ#ðqφ#ψ1q “ φ#divpV q (7)
If V is a vector field on X defined by pV,W q “ ´pψ, γpW qψ1q for all W P XpXq.
Proof. The statements in the proposition follow from
ð# “ φ# ˝ ð ˝ φ´1# . (8)
To verify this formula, let ψ P ΓpFΣqΘ, then
φ#pγpei˚ q∇eiψq “ γ#pei˚ qφ#p∇eiψq
“ γ#pei˚ qpφ#∇qφ#peiqpφ#ψq
“ ð#pφ#ψq.
In the first equality we use (6). The second equality follows from (4). The induced operator is
unbounded since ð is unbounded and φ# is an isomorphism. The equation (7) follows from the
properties of the induced inner product, recall 3.2, and from the formulas (8) and (5). ˝
Suppose that the dimension of X is even. Then there is an invariant chirality operator ω in
ΓpCLpX‚qqΘ and the induced chirality operator
ω# :“ φ#ω “ φ# ˝ ω ˝ φ´1# .
The following are direct consequences of ω2 “ 1, (8) and Proposition 4:
ω2# “ 1, tω#,ð#u “ 0, rω#, φ#pfqs “ 0
for all invariant functions φ#pfq P C8pY qΞ.
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4.3. Now let X‚ and Y‚ be both proper e´tale groupoids and Morita equivalent to each other. Fix
a Morita equivalence φ “ p%,Q, αq. We also assume that X‚ and Y‚ are both compact and spin,
however, the property of being spin is formulated as an obstruction in a Lie groupoid cohomology
and therefore it is sufficient to know that one of them is spin. Now the theory of 4.1 can be applied
with both groupoids X‚ and Y‚ but the next theorem proves that it is sufficient to fix any proper
e´tale groupoid in a Morita equivalence class to represent an orbifold.
Theorem 1. Let X‚ be a compact spin proper e´tale groupoid and φ an e´tale structure preserving
Morita equivalence between X‚ and Y‚. Then φ induces a one to one correspondence between the
complex Dirac bundles and Dirac operators on X‚ and on Y‚.
Proof. By definition, a Dirac bundle on Y‚ (in the terminology of 4.1) is constructed by applying
a spin lift to the structure cocycle of the tangent bundle τY‚. Then the lifted cocycle is composed
with an element of H1pY‚,Z2q which fixes the spin structure. We first prove that the structure
cocycle of τY‚ can be identified with the induced structure cocycle of φ#τX‚. Let us fix the covers
tUau and tViu, the Cˇech groupoids Xˇ‚ and Yˇ‚ and the Cˇech bitorsor Qˇ as in Proposition 3. Since
both X‚ and Y‚ are proper and e´tale groupoids, the maps % and α are both local diffeomoprhisms.
The locally defined sections βia can be assumed to be diffeomorphisms. Associated to any arrow
τ : y Ñ y1 in Ξij there is the arrow
σ : % ˝ βjb pyq Ñ % ˝ βiapy1q
in Θab and the induced cocycle φˇ#g has the value gabpσq “ pdϕσqab at τ . The differential pdϕσqab
is written in the coordinates of X‚ but we can use the locally defined diffeomorphisms % ˝ βia to
write the components of the cocycle in the coordinates of Y . This gives a cocycle that is equivalent
to φ#gˇ which is given at τ P Ξij by
pd% ˝ βiaq´1pdϕσqabpd% ˝ βjb q “ dpp% ˝ βiaq´1 ˝ ϕσ ˝ % ˝ βjb q.
The function p% ˝ βiaq´1 ˝ ϕσ ˝ % ˝ βjb is a local diffeomoprhism arising from the action of Ξ on
Y sending y to y1. Now Y‚ is e´tale and the germs of such local diffeomoprhisms are unique, and
so the value of the differential at y P Vj is equal to pdϕτ qij where ϕτ is a local diffeomorphism
associated with the arrow τ . It follows that the induced bundle φ#τX‚ is equivalent to the bundle
τY‚. The Morita equivalence φ# is an isomorphism in cohomology and therefore sends the spin
structures on X‚ to the spin structures on Y‚. Therefore the Clifford and spinor bundles on Y‚
can be identified with induced Clifford and spinor bundles through the Morita equivalence φ. The
map φ# induces a bijective correspondence between the inner product structures in vector bundles
and spin connections, recall 3.1 and 3.2. It thus follows that the Dirac bundles on Y‚ are precisely
the induced Dirac bundles from X‚ through any Morita equivalence.
Let ei : 1 ď i ď n be a set of linearly independent vector fields on X‚. The tensor field ři ei˚ bei
is Θ-invariant and it can be written in the coordinates of Y by applying the local diffeomorphisms
pd% ˝βiaq´1 as above. This results in an invariant tensor field
ř
i fi˚ b fi on Y where fi are linearly
independent at each point on Y and the dual fields fi˚ are defined with respect to the induced
riemannian structure. So, under the identification of φ#FΣ with a Dirac bundle on Y‚, the induced
Dirac operator can be written by
ř
i γpfi˚ q∇fi which is a Dirac operator on the Dirac bundle on
Y‚. ˝
Let X‚ and Y‚ be the groupoids of Theorem 1. The structure cocycles in the multilinear bundles
such as the dual τX‚˚ and the exterior product bundles ^kτX‚ and ^kτX‚˚ are determined by the
structure cocycle in τX‚. It thus follows from the proof of Theorem 1 that the induced bundles
φ#τX‚˚ , φ# ^k τX‚ and φ# ^k τX‚˚ are isomorphic to the bundles τY‚˚ , ^kτY‚ and ^kτY‚˚ on
Y‚. Now Proposition 4 implies the following.
Corollary 2. Let X‚ be a proper e´tale groupoids and φ an e´tale structure preserving Morita
equivalence between X‚ and Y‚. Then the linear map φ# of Proposition 5 is an isomorphism of
vector spaces
φ# : Λ
˚pX‚qΘ Ñ Λ˚pY‚qΞ.
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5 Spectral Triples over Invariant Subalgebras
The remaining task in the construction of a spectral geometric model over the invariant subalgebras
of orbifolds is to develop an integration theory which can be applied for a Hilbert space completion
of the space of invariant sections in a Dirac bundle. Since the orbit space of a groupoid is Morita
invariant, it is natural to apply an integration defined on the orbit space. Since the orbit space of
a proper e´tale groupoid has a structure of an orbifold, we can apply the well known integration
theory on orbifolds. Then, in 5.2 the integration theory is extended over the Morita equivalence
class.
5.1. Let X‚ be a compact orientable proper e´tale groupoid. The base of the groupoid X can be
given an open cover, tUau, such that the localized groupoids ΘUaUa Ñ Ua can be identified with
action groupoids Gaa ˙ Ua Ñ Ua for some finite subgroup Gaa of GLm. The sets Ua can be chosen
so that the orbit space |Θ| gets a structure of an orbifold with respect to the charts Ua and the
projections Ua Ñ |Ua| are determined by the restriction of the groupoid projection on Ua, [16],[17].
Then locally, on each Ua, one can define integration in the following way. Ua has a stratification
by orbit types. Let U0a be the principal stratum and denote by ka the rank of the isotropy group at
any point in the principal stratum (the rank is constant on strata). The integration of an invariant
function f on X over |Ua| is defined byż
|Ua|
f :“ ka|Gaa|
ż
Ua
fν
where ν is the volume form associated with the groupoid riemannian structure. The coefficient in
the integration is chosen because the projection map to the base restricts to a smooth covering
map onto the principal stratum and there are |Gaa|{k sheets. On the other hand, the complement
of the principal stratum has codimension greater or equal to one. The integration is extended to
the orbit space |Θ| with a partition of unity which is a set of Gaa-invariant smooth functions ρa
on each Ua and these functions induce an ordinary topological partition of unity for |Θ| that is
subordinate to t|Ua|u. Then the integral of an invariant function f is defined byż
|Θ|
f “
ÿ
a
ka
|Gaa|
ż
Ua
ρafν
Now we can introduce the inner product in the space of Θ-invariant spinor fields by
xψ1, ψ2y “
ż
|Θ|
pψ1, ψ2q.
Let us denote by L2pFΣqΘ the completion of the space ΓpFΣqΘ with respect to the norm associated
with this inner product. The Stokes formula holds for the orbifold integration. In particular the
Dirac operator can be extended to a self-adjoint unbounded operator on L2pFΣqΘ.
5.2. Let X‚ be a compact spin proper e´tale groupoid and C8pXqΘ the algebra of complex valued
smooth invariant functions. Let FΣ be a spinor bundle. If Y‚ is a representative of X‚ through
the Morita equivalence φ “ p%,Q, αq, then the induced space of invariant spinors φ#ΓpFΣqΞ can
be equipped with the obvious inner product so that the map φ# : ΓpFΣqΘ Ñ φ#ΓpFΣqΞ extends
to a unitary map of Hilbert spaces: for all ψ1, ψ2 P ΓpFΣqΘ define
xφ#ψ1, φ#ψ2y# “
ż
|Θ|
φ´1# pφ#ψ1, φ#ψ2q#
“
ż
|Θ|
pψ1, ψ2q
where p¨, ¨q is a Θ-invariant pairing in FΣ and p¨, ¨q# is the induced pairing on φ#FΣ. Denote by
L2pφ#FΣqΞ the Hilbert space completion.
Theorem 2. Let X‚ be a compact spin proper e´tale groupoid.
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1. There is a finitely summable spectral triple pC8pXqΘ,ð, L2pFΣqΘq which is equipped
with the chirality element ω if the dimension of X is even.
2. If φ is a Morita equivalence between X‚ and Y‚, then there is a unitary equivalence
of spectral triples
pC8pXqΘ,ð, L2pFΣqΘq Ñ pC8pY qΞ, φ#ð, L2pφ#FΣqΞq
and if the dimension of X is even, this extends to a unitary equivalence of even spectral
triples.
Proof. The statement 1 is Theorem 1 of [10].
The linear map ΓpFΣqΘ Ñ Γpφ#FΣqΞ which sends ψ to φ#ψ extends to a linear map of Hilbert
spaces Uφ : L
2pFΣqΘ Ñ L2pφ#FΣqΞ which is unitary with respect to the induced inner product
by construction. It follows from Proposition 4 that as an operator on Γpφ#FΣqΞ, the pointwise
multiplication of the function φ#pfq P C8pY qΞ extends to define the operator UφfU´1φ on the
Hilbert space L2pφ#FΣqΞ. As an operator on L2pφ#FΣqΞ, the induced Dirac operator satisfies
φ#ð “ UφðU´1φ
and the same holds for the chirality operator. Therefore Uφ defines a (even) unitary equivalence
of (even) spectral triples. ˝
Note 2. An orbifold groupoid is a Morita equivalence class of a proper e´tale Lie groupoid. In
this terminology, the content of the theorem is that one can associate a unitary equivalence class
of invariant spectral triples with an orbifold. The choice of the proper e´tale groupoid on which
the spin geometric constructions are based on is not unique. However, by Theorem 1, the same
unitary equivalence class is obtained independently on this choice.
Note 3. On the level of spectral triples, the choice of the Morita equivalence φ has effect only on
the description of the unitary map Uφ, recall 1.6 and 2.2.
6 Spectral Triples over Convolution Algebras
6.1. Let X‚ be a proper e´tale groupoid and C8c pΘq the algebra of compactly supported smooth
complex valued functions equipped with the convolution product. If ξ is a vector bundle on X‚ then
the convolution algebra C8c pΘq can be represented on the space of compactly supported smooth
sections in ξ by setting
pf ¨ ψqx “
ż
σPΘx
fpσqpϕ#
σ´1ψqxµxpdσq
for all f P C8c pΘq and ψ P Γcpξq. We have used a left invariant Haar system µ so that µx is a left
invariant measure in the fibres of Θx for all x P X.
Proposition 9. Let X‚ be a proper e´tale groupoid. If ξ is a vector bundle on X‚, then the
representation Γcpξq of C8c pΘq is faithful if and only if X‚ is effective.
Proof. Suppose that the effectiveness does not hold. There is an open neighborhood U in X, a
pair of arrows σ1 ‰ σ2 in Ξ and local diffeomorphisms ϕσ´11 and ϕσ´12 associated with σ
´1
1 and σ
´1
2
which define the same map in U . Concretely, the source map has local bisections σˆ1
´1 : U Ñ W1
and σˆ2
´1 : U Ñ W2 so that W1 and W2 are local neighborhoods of σ´11 and σ´12 in Θ, and
then ϕσ´1i
: U Ñ tpWiq is the composition t ˝ σˆi´1 for i “ 1, 2. The local bisections are local
diffeomorphisms because the groupoid is e´tale. By choosing U small enough we can assume that
W1XW2 “ H. If f1, f2 P C8c pΘq is a pair of functions supported in W1 and W2, then supppfiqXΘx
is the point of the singlet set Wi XΘx for all x P U and i “ 1, 2. So, if ψ P Γcpξq, then f1 ¨ ψ and
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f2 ¨ ψ have supports in U and for all x P U ,
pfi ¨ ψqx “
ż
κPΘx
fipσqpϕ#κ´1i ψqyµ
ypdκq
“ fipσˆi´1pxqqpϕ#σ´1i ψqxλipxq
for some strictly positive smooth functions λi : U Ñ R determined by the Haar measure. So, let
us choose the values of f1 and f2 so that f1 ˝ σˆ1´1 “ f2 ˝ σˆ2´1. Then
pf1 ¨ ψqx “ p
´
f2
λ1 ˝ t
λ2 ˝ t
¯
¨ ψqx
for all x P X and for any ψ P Γcpξq. The functions in the above formula are different since they
have different supports in Θ. So, the representation of C8c pΘq is not faithful.
Suppose that X‚ is effective. If U is any open set in X, then there is a point x P U so that
the stabilizer at x is the trivial group. On the other hand, if z P U is any point, then there is
a neighborhood Nz of z so that the groupoid X‚ localizes to an action groupoid Θzz ˙ Nz Ñ Nz
over Nz. So, if we take x “ z, then we find that there is a neighborhood Nx of x so that the set
of arrows s´1pNxq X t´1pNxq consist of the identity arrows of Nx only. Suppose that σ : x1 Ñ x.
We can take Nx to be arbitrarily small, and for this reason we can assign the diffeomorphism
ϕσ´1 : Nx Ñ ϕσ´1pNxq with σ´1. Observe that the arrows s´1pNxq X t´1pϕ´1σ Nxq are exactly the
arrows which are determined by ϕσ´1 in Nx. Namely, if κ : x1 Ñ x2 is an arrow Nx Ñ ϕσ´1pNxq
then ϕσ ˝ κ would define an arrow in Nx which needs to be the unit arrow. Thus, ϕ´1σ px1q “ x2.
Let f1, f2 P C8c pΘq so that f1 ‰ f2. Then there is a neighborhoodW Ă Θ so that fpσq ‰ gpσq at
every point σ PW and we can choose W to be small enough so that t restricts to a diffeomoprhism
in W . Now tpW q is an open subset in X and so the discussion of the previous paragraph applies.
Let us fix x P tpW q so that x has trivial isotropy. There is the arrow σ P W so that tpσq “ x.
According to the analysis above, we can choose a neighborhood Nx for x so that there is the local
diffeomorphism ϕσ´1 : Nx Ñ ϕσ´1pNxq and s´1pNxq X t´1pϕσ´1pNxqq Ă W . Choose ψ to be a
nonzero element in Γcpξq whose support lies in ϕσ´1pNxq. If z P Nx there will be contributions to
the integral over the Θz-fibre only from the element of the singlet W XΘz. For the values z P Nx
where ψϕ´1σ pzq is nonzero, we have
f1pκqpϕ#σ´1ψqz ‰ f2pκqpϕ#σ´1ψqz
where κ is the arrow in W XΘz. Thus, f1 ¨ ψ ‰ f2 ¨ ψ. ˝
6.2. Suppose that X‚ is a spin proper e´tale groupoid and φ is an e´tale structure preserving Morita
equivalence between X‚ and Y‚.
The Dirac operator introduced in 4.1 is a Θ-invariant differential operator, and for this reason
the induced Dirac operator of 4.2 can be defined on the space of smooth compactly supported
sections Γcpφ#FΣq. Let y P Y and choose an open neighborhood V Ă Y for y which is small
enough so that there is a local section β : Y Ñ Q of α, and the composition % ˝ β restricts to a
diffeomoprhism. Now we can fix a local representative for the fibres of φ#FΣ over V : if y P V ,
then pφ#FΣqy is represented by pFΣq%˝βpyq and so φ#FΣ on V can be identified with the pullback
bundle p% ˝ βq˚FΣ. The sections of φ#FΣ on V are pullbacks of the sections on FΣ under the
diffeomorphism % ˝ β. The Dirac operator at y P Y is represented by
pφ#ðqqpyq “ p% ˝ βq˚ ˝ ð%pqq ˝ pp% ˝ βq´1q˚
if βpyq “ q. The Ξ-invariance follows since the construction factors through %. When restricted to
the Ξ-invariant compactly supported sections, this reduces to the operator (8). To see that this
gives a well defined operator on Γcpφ#FΣq, we need to verify that the local descriptions associated
with the different choices of the α-fibre parameters are properly related to each other. This is the
content of the next lemma.
Lemma 3. If q and σ ¨ q are in α´1pyq, then
ρ´1pσqpφ#ðqσ¨qpyqρpσq “ pφ#ðqqpyq.
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Proof. We have two different representatives of φ#ð associated with two local sections β1 and β2
of α. Suppose that β1pyq “ q and β2pyq “ σ ¨ q and that V is their common domain. The values
of β1 and β2 are connected by the action of Θ on Q and so, by shrinking V is necessary, we can
write β2 “ ϕˆσ ˝ β1 in the notation of Lemma 2. A straightforward application of Lemma 2.1 with
the Θ-invariance of ð gives the claim. ˝
Proposition 10. Suppose that φ is an e´tale structure preserving Morita equivalence between X‚
and Y‚. Then for all g P C8pY q and y P Y
rφ#ð, gsy “
ÿ
i
pfigqyγpfi˚ qy
where fi are linearly independent vector fields on Y .
Proof. Locally, around y P Y , the Dirac operator is represented by a pullback Dirac operator
through a diffeomorphism. In the coordinates of Y , the pullback Dirac operator is an ordinary Dirac
operator associated with the pullback metric and the pullback spin structure. So, if g P C8pY q,
the claim follows from the standard analysis, [14].
In the induced spinor bundle φ#FΣ we have the inner product defined in 3.2 which gives the
pointwise pairing of sections Γcpφ#FΣq b Γcpφ#FΣq Ñ C8c pY q defined by
pψ1, ψ2q#,y “ pψ1, ψ2q%pqq
where q is an arbitrary point in the α-fibre over y. So, over Y we have the L2-inner product in the
space of sections of the bundle φ#FΣ which is defined by
xψ1, ψ2y# “
ż
Y
pψ1, ψ2q#
for all ψ1, ψ2 P Γcpφ#FΣq. The Hilbert space completion is denoted by L2pφ#FΣq.
Theorem 3. Let X‚ be an effective spin proper e´tale groupoid over a complete base manifold X.
1. There is a finitely summable spectral triple pC8c pΘq,ð, L2pFΣqq which is equipped
with the chirality operator ω if the dimension of X is even.
2. If φ is an e´tale structure preserving Morita equivalence between X‚ and Y‚ and if
the base manifold Y is complete, then there is a finite summable spectral triple
pC8c pΞq, φ#ð, L2pφ#FΣqq
which is equipped with the chirality operator ω# if the dimension of X is even.
Proof. The Dirac operator ð is the Θ-invariant Dirac operator defined in 4.1. The statement 1 is
Theorem 2 of [10].
The effectiveness of a groupoid is preserved under an e´tale structure preserving Morita equiv-
alence and so X‚ is effective if and only if Y‚ is effective, [16]. It follows from Proposition 9 that
the induced representation is faithful.
To see that the Dirac operator has bounded commutators with the representation operators of
C8c pΞq on Γcpφ#FΣq we can approach as in Proposition 10. Namely, if y P Y we can choose a
local neighborhood V of y so that the spinor bundle and the Dirac operator can be represented
by a pullback Dirac bundle and a pullback Dirac operator through a diffeomorphism over V . So,
locally the statement follows from the corresponding result in [10]. The claim holds globally over
Y because Y can be covered with the subsets which have the properties of V . Therefore the
commutators rφ#ð, f s extend to bounded operators on L2pφ#FΣq for all f P C8c pΞq. The finite
summability holds since φ#ð is a first order elliptic differential operator on ΓcpFΣq. Note that it
is sufficient to check these conditions locally and they hold locally by the discussion above.
We need to show that the closure of φ#ð in L2pφ#FΣq is a self-adjoint operator. The operator
φ#ð and its adjoint pφ#ðq˚ both have Hilbert space closures. As above, we use the property that
in a small enough subsets of V , the operator φ#ð can be represented by a locally defined Dirac
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operator on Y . So by the usual partition of unity argument, the formal self-adjointness of φ#ð
holds. The inclusion dompφ#ðq Ă domppφ#ðq˚q follows. For the reverse inclusion, domppφ#ðq˚q Ă
dompφ#ðq, the standard proof can be applied without any difficulties: [14] Theorem 5.7. Since
the base manifold is complete, and φ#ð satisfies the formula in Proposition 10, we can reduce
this problem to the case of spinors with compact support in dompφ#ð˚q. Now we can use the
partition of unity argument to reduce the problem to an arbitrarily small open domain in Y where
the statement holds by the usual Dirac operator analysis.
The chirality section ω induces a Ξ-invariant section ω#, recall 4.2, which acts on the sections
of φ#FΣ. Using the Ξ-invariance we find that for all f P C8c pΞq
pω#qypf ¨ ψqy “ pω#qy
ż
τPΞy
fpτqpϕ#
τ´1ψqyµypdτq
“
ż
τPΞy
fpτqϕ#
τ´1ppω#qψqyµypdτq
“ f ¨ ppω#qψqy
and so the action of ω# on Γcpφ#FΣq commutes with the representation of the function algebra.
Then ω# extends to a bounded self-adjoint operator on L
2pφ#FΣq. It follows that ω# defines an
even structure in the spectral triple. ˝
Appendix: On Morita Equivalence
A.1. There is another and better known formulation of the Morita equivalence of Lie groupoids. I
have chosen to follow the conventions in 1.1 because those are convenient in the study of geometric
structures. Let X‚ and Y‚ be Lie groupoids. A morphism of Lie groupoids, θ‚ : X‚ Ñ Y‚, is called
a weak equivalence if
1. θ0 : Xp0q Ñ Yp0q is a surjective submersion.
2. The following diagram is cartesian:
Xp0q ˆXp0qXp1q
Yp0q ˆ Yp0qYp1q
ps, tq
θ1 θ0 ˆ θ0
ps, tq
The following result is well known, [2].
Proposition 11. Let X‚ and Y‚ be Lie groupoids. The following are equivalent:
1. There is a Lie groupoid Z‚ and a pair of weak equivalences: X‚ Ð Z‚ Ñ Y‚.
2. The groupoids X‚ and Y‚ are Morita equivalent.
A.2. As is evident from the discussion of the Morita equivalence in 1.1, the orbit space of the
groupoid is invariant under Morita equivalences. The following result clarifies how the base mani-
folds X, Y and the isotropy are related under a Morita equivalence between X‚ and Y‚.
Proposition 12. Let φ “ p%,Q, αq be a Morita equivalence between X‚ and Y‚. Let y P Y and
let the rank of the isotropy group Ξyy at y P Y be equal to k. The following hold:
1. The fibre α´1pyq has a partition into subsets that are invariant under the action of
Ξyy. The cardinality of each block is k.
2. The map % restricts to a constant map on the blocks and if %pqq “ x for some
q P α´1pyq, then Θxx has rank k.
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Proof. If y P Y the fibre α´1pyq is stable under the action of Ξyy and so the fibre has a partition into
the orbits of the action. Each orbit must have cardinality k since the action is free by definition.
Fix some q1 so that αpq1q “ y. Write tqi : 1 ď i ď ku for the orbit under the Ξyy action. The
elements of the isotropy group Ξyy act as arrows of Ξ and so the action is in the direction of the
%-fibres. Write %pqiq “ x P X which is independent on the choice 1 ď i ď k. The points tqiu are
also in the same α-fibre because the action of Ξyy preserves the fibre at y. It follows that Θ
x
x acts
freely and transitively on the set tqiu. Therefore the order of Θxx is k. ˝
Proposition 12 implies that for each order k singularity in Y there is an order k singularity in
X. However, it is not true in general that the singular points in X and the singular points in Y
are in one to one correspondence. For example, there may be an isolated singularity in X of order
k and in Y the order k singular points are localized along an orbit of the Ξ-action. In a simplified
case one can take X‚ to be the groupoid Z2 Ñ ˚ (this is the groupoid theoretic model for the group
Z2, ˚ is a point) and Y‚ to be the action groupoid T ˙ T Ñ T where the T “ R{2piZ action on
itself is given by prxs, rysq ÞÑ pr2x` ysq. We use the notation rxs “ x mod 2pi. The Morita bitorsor
can be chosen by Q “ R{4piZ. Then φ “ p%,Q, αq is a Morita equivalence so that % : QÑ ˚ is the
constant map and α : QÑ T is the map which x mod 4pi to x mod 2pi. The nontrivial element of
Z2 acts on Q by 2pi-translations and the circle T acts on Q by prxs, rqs4piq ÞÑ r2x` qs4pi.
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